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Abstract-A study of the laminar natural convection flow arising from a steady line thermal source 
positioned at the leading edge of a vertical adiabatic surface is carried out. The resulting two-dimensional 
boundary-layer flow is analyzed and the governing equations solved numerically for a Prandtl number 
range of 0.01-100. The dependence of the surface temperature, the velocity level, the boundary region 
thickness and other physical aspects of the flow on the Prandtl number is determined. The numerical 
results obtained allow an evaluation of the velocity and temperature fields in the generated flow. The 
results are also compared with those obtained for a freely rising plane plume and for a vertical isothermal 

surface. Several interesting features concerning this and similar flows are brought out. 
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NOMENCLATURE 

specific heat of the fluid at constant pressure; 
nondimensional stream function, defined 
in (2); 
local flow rate in the boundary layer; 
Grashof number, defined in (2a); 
acceleration due to gravity: 
nondimensional integral, defined in (4); 
nondimensional integral, defined in (10); 
thermal conductivity of the fluid; 
constants defined in (3); 

Prandtl number of the fluid, Pr = 2 ; 

convected thermal energy in the boundary 
layer ; 
thermal input per unit length of the line. 
source; 
temperature at a point in the boundary 
region; 
surface temperature; 
temperature of the &nbient medium; 
velocity components in the x, y directions; 
characteristic velocity, UC = vG2/4x; 
distance along the vertical surface from the 
line source; 
horizontal distance from the surface. 

Greek symbols 

I% coefficient of thermal expansion of the fluid; 

rl* similarity variable, defined in (2); 

&, velocity boundary-layer thickness; 
6 T, thermal boundary-layer thickness; 

/A coefficient of viscosity of the fluid; 

*Presently at the Indian Institute of Technology, Kampur, 
India. 

P> density of the fluid; 

v, kinematic viscosity of the fluid, v = p/p; 

43 dimensionless temperature, 4 = 2 ; 
0 m 

t, shear at the surface. 

INTRODUCTION 

A PROBLEM frequently encountered in technology, 
particularly in electronic circuitry, is that of devices 
which dissipate energy at a constant rate mounted dti 
an unheated surface. The removal of this energy is 
often essentially only by natural convection and it is 
important to determine the nature of heat transfer and 
of the resulting flow. These considerations relate to 
the arrangement of electronic components and circuit 
boards for effective removal of the dissipated energy. 
Since much of the restriction in close packing of cir- 
cuitry is due to the heat-transfer considerations, it is 
important to determine the downstream effects of a 
heated body located on an unheated surface. Similar 
considerations are important in several manufacturing 
processes in which selective and local heating gives rise 
to a constant thermal source on an unheated surface. 

The present study considers the steady laminar 
buoyancy-induced flow arising from a steady thermal 
input by a long horizontal concentrated (or line) source 
imbedded on a vertical insulating surface, a condition 
frequently approximated in practical applications. The 
resulting two-dimensional flow is analyzed with the 
boundary-layer approximations. The system of coupled 
differential equations is numerically solved for a 
Prandtl number (Pr) range of 0.01-100. Though Pr 

values of 0.7 and 6.7, being those of air and water, are 
most common, other values are also often encountered, 
particularly in manufacturing processes. The results 
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are, therefore, obtained over a wide range of Pr and 
compared with previous results for flow adjacent to a 
heated vertical surface and in a freely rising plane 
plume. The numerical results allow a str~ghtforward 
determination of the resulting temperature on the 
adiabatic surface, the flow velocities in the boundary 
layer, the extent of the boundary region and other 
important physical quantities. 

ANALYSIS 

Consider a steady thermal input at x = 0 on a vertical 
surface (~2 = 0, x > 0) in an extensive unstratified 
medium at a uniform temperature t,. The surface is 
taken as adiabatic and its resulting local temperature 
is denoted by to(x). Since the surface is adiabatic, no 
loss occurs downstream of the line source of strength 
QO. Therefore, the convected energy Q(x) must be the 
same at all x > 0. 

Q(x)= Ocl 
s 

C,(t-t&udy = Qo. (14 
0 

Employing the notation of Gebhart [l], the generai- 
ized temperature #, the similarity variably q, and the 
generalized stream function f are : 

t-t, 
d,=- 

to-t,’ 
+g, $=vGf (2) 

with, 

Therefore, u = U, f ', where W, = vG2/4x and, assuming 
constant properties, we have 

Consider the power law variation 

to-t, = Nx” (3) 

where N and n are constants described and discussed 
by Gebhart [2]. From (Ib) we find 

Q(X) = (64gBN51r2p2C,4)“41x15~+3M4 

where 

j 
co I= #Y drl. (4) 

0 

Therefore, Q(x) is’independent of x for n.= -3j5 and 
the temperature at the surface decays as xM3/‘. Also 

to-t, = Nx-3’5 = Q’ I 
115 

64gpp2p2c;14 
x-3’5. (5) 

The differential equations, for n = -3/5, with the 
Boussinesq approximation and neglecting the pressure 
and viscous dissipation terms, are the same as for a 
plane plume, in the formulation (2). 

f”’ + ( 12/5)flti - (4/5) f ‘2 f $fJ = 0 (6) 

#“+(12/5)Pr(f~~ = 0. (7) 

From the no-slip condition at the surface, f(0) = f’(0). 

Also, from the definition of (p and for an adiabatic 
surface, b’(O) = l-4(0) = 0. For the fifth-order system 
(6)-(7), one more boundary condition is needed and 
that arises from the condition of zero tangential vel- 
ocity in the ambient medium,f’(co) = 0. Therefore, the 
boundary conditions are: 

.f(O) = f’(0) = c#l’(O) = l-&O) = f’(K) = 0. (8) 

As discussed by Gebhart, Pera and Schorr [3] for a 
plane plume, it can also be shown, for the present 
problem, that the #co) = 0 condition is not indepen- 
dent of (8) but is automatically satisfied by them. Thus, 
the present system of equations differs from that for a 
line source plume only in the no-slip boundary con- 
dition f ‘(0) = 0, instead off “(0) = 0, due to zero shear 
stress. 

The vertical component of velocity u, the local 
volume rate of flow F(x) and the shear at the wall, r, 
are given by : 

F(x)= j;udy=vG j)'drl=vGII, 
l-a 

(1o) 

where II = 
J 

f’drl 
0 

RESULTS AND DISCUSSION 

The fifth-order system of differential equations 
governing the flow, (6)-(8), was solved numerically, 
employing a fourth-order Rung+Kutta integration 
scheme over the Prandtl number range 0.01-100. The 
profiles of temperature Cp and velocity f’ are shown in 
Fig. 1 for Pr = 0.7, and in Fig. 2 for Pr = 6.7. The 
corresponding calculated curves for a line source 
plume, from Gebhart et al. [3], and the velocity pro- 
files for an isothermal, tt = 0, vertical surface are also 
shown for comparison. Zimin and Lyakhov [4] have 
also considered this flow, following a formulation 
similar to that of Fujii [5], which employs a normal- 
ization as a boundary condition. Numerical results 
were obtained for Pr = 1.0. 

The application of these results lies in the deter- 
mination of the velocity level in the boundary layer, 
the temperature at the surface for a given thermal 
input, the flow rate and the difference in the flow 
from the corresponding plume flow. In practical appli- 
cations, the determination of the temperature and flow 
fields downstream of the heated body is important. 

The profiles in Figs. 1 and 2 are found to be quite 
similar in form to those for natural convection flow 
over a heated isothermal vertical surface. The peak 
velocity occurs at 4 values which are very close and 
the boundary region thickness for velocity 6,, as well 
as for temperature 6r, was found to be very close, in 
fact, only about 5-10x different. The thinning effect 
on the thermal layer as Pr increases also follows the 
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same trend. However, there is a considerable difference 
in the peak velocity f&,X and in the shear stress at the 
wall f”(0). The peak velocity in the present circum- 
stance is substantially higher than the corresponding 
values for an isothermal vertical surface at the same 
local G, see Ostrach [6]. This difference increased from 
49% at Pr = 0.01 to about 77% at Pr = 100. The shear 
at the wall was also found to be higher in the present 
case, being about 32% higher at Pr = 0.01 and about 
50% at Pr = 100. This is explained physically as follows. 

For a given G at a particular location x, the local 
temperature difference across the boundary region, 
to--t,, is the same for this flow as for an isothermal 
surface. However, since, in the present problem, the 
temperature at the surface decreases as x-3/5, the up- 
stream temperature at the surface is higher than that 
for the isothermal surface. This implies a higher tem- 
perature level in the flowing fluid and, hence, a greater 
buoyancy, which leads to higher physical velocity. The 
velocity being higher is seen in a higher value of fkax. 

FIG. 1. Velocity, f’, and temperature, 4, 
distributions at Pr = 0.7. -, present prob- 
lem; ---, plane plume; -.-.-, vertical 

isothermal surface. 

A comparison of our results with those for a freely 
rising line source plume also show some interesting 
differences. It is seen from Figs. 1 and 2 that the velocity 
level is greatly reduced by the presence of the wall, as 
expected from the drag the stationary wall exerts on 
the flow. Another effect is the larger boundary region 
thickness, compared to a freely rising plume. This is, 
perhaps, again due to the retarding effect on the flow 
by the surface, causing the fluid to generate a larger 
normal component of velocity to spread out. The vel- 
ocity level is lowered and the boundary region 
thickened. The overall effect on the flow rate is, 
therefore, expected to be small for the Pr values shown 
in Figs. 1 and 2. 

0.7! 

0.5 

a25 

0 

7 

FIG. 2. Velocity, j’, and temperature, 4, 
distributions at Pr = 6.7. -, present prob- 
lem; ---, plane plume; -.-.-, vertical 

isothermal surface. 

All these considerations are shown, for the Pr range 
studied, in Fig. 3. As mentioned earlier, the surface 
temperature varies as 

to-t, = Nxm315 and Na 

where I = 
s 

* +f'dr?. 
0 

This integral I, which determines the velocity level and 
the surface temperature, was calculated over the 
Prandtl number range. Figure 3 indicates its value as 
compared to that for a two-dimensional plume, which 
dissipates Q. on either side of the centerline. The 
difference is small at low Pr, but becomes considerable 
at large Pr values. Since I is lower than for a plume, 
the value of N is greater than that for the plume, at 
given x and Qo. Recall that Q(x) = Qo. Since the 
velocity level is lowered by the shear at the vertical 
surface, the temperature level must increase, which 
implies a higher value of N and, hence, a higher 
surface temperature. 

The peak physical velocity u,,, is given in terms of 
f' and I, for given x and Qo, as 

f' 
%W312/5. 

This velocity is considerably lower than for a plume. 
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FIG. 3. Comparison of the computed values of N, F(x), I and timax, 
for the present problem, to those for a plane plume, as functions of the 

Prandtl number. 

FIG. 4. Computed values offksnr I andf”(O), for a line thermal source 
on an adiabatic surface, as functions of the Prandtl number. 

The difference increases from about 13 to 60% as Pr 
varies from 0.01 to 100. This lowering is due to the 
shear at the surface. The flow rate was also calculated 
from the integral 1, defined in (10). Though the differ- 
ence is less than 20% up to Pr = 6.7, as expected from 
the profiles in Figs. 1 and 2, it increases to 44% at 
Pr = 100. All these differences increase with Prandtl 
number, as they did for a vertical isothermal surface. 
Therefore, the boundary condition at the surface has 
a greater effect as the thermal boundary region thins 
with increasing Pr. 

As mentioned earlier, important considerations in 
this flow concern the velocity level, the surface tem- 

perature and the extent of the boundary region. As the 
flow proceeds downstream from a heated element 
located on an unheated vertical surface, it affects the 
cooling characteristics of any other elements it may 
encounter. An element downstream is immersed in a 
flowing heated fluid, whose temperature and velocity 
are determined by the distance between the two 
elements and the power input by the upstream element 
Qo. If the downstream element is not dissipative it is 
merely heated to the corresponding surface tempera- 
ture at that location, under steady state conditions, 
assuming it to be imbedded in the surface. 

We may determine the surface temperature as 
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Nx-~/’ and the velocity field in terms off’. Figure 4 
shows the necessary values, of f”(O), fhBX and I, over 
the Pr range considered, to allow an evaluation of the 
temperature and velocity fields at a downstre~ 
element. 

CONCLUSIONS 

The laminar buoyancy-induced flow generated by a 
line thermal source imbedded in an adiabatic vertical 
surface is analyzed and numerical results are obtained 
over a Prandtl number range of 0.01-100. This flow 
configuration is of considerable importance in tech- 
nology and the present work considers the resulting 
boundary-layer flow in order to determine the surface 
temperature, {he velocity level, the boundary region 
thickness and other physical aspects of interest. The 
results obtained are compared with those for an iso- 
thermal vertical surface and with those for a freely 
rising plane plume. Several interesting similarities and 
differences are noted. The dependence of the present 
flow on the Prandtl number and the basic features of 
the tlow are discussed. 

are crucial in this area and also in several frequently 
encountered manufacturing processes. The interaction 
of the flows arising from several elements, which con- 
stitute steady thermal sources, on a vertical insulating 
surface is an important problem and further work needs 
to be done on it in order to determine the nature of 
the resulting heat transfer and flow. The present study 
determines the flow arising from an isolated line 
thermal source on an adiabatic surface, and, therefore, 
indicates the nature of analysis for the flow arising 
from an interaction of several elements. 

The results of the present study are important in 
technology, for example, in the positioning of com- 
ponents dissipating energy on vertical circuit boards 
and in the positioning of the boards themselves. Heat 
transfer and natural convection flow considerations 
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CONVECTION NATURELLE-ECOULEMENT ASCENDANT INDUIT 
LE LONG DUNE SURFACE ADIABATIQUE VERTICALE, PAR UNE 

SOURCE THERMIQUE RECTILIGNE 

R&sum&On btudie la convection laminatre ascendante a partir d’une source thermique rectiligne placee 
au bord d’attaque dune surface adiabatique verticale. L’tcoulement de couche hmite bidimensionnel est 
analyse et les equations sont resolues numeriquement pour un nombre de Prandtl allant de 0,Ol a 100. 
On d&gage l’influence du nombre de Prandtl et de la temperature parietale sur le niveau de vitesse, 
l’epaisseur de la couche et les autres aspects physiques de l’&coulement. Les r&hats num~riques obtenus 
donnent une &aluation des champs des vitesses et des temperatures dam l’ecoulement g&&e. Les 
&ultats sont compares a ceux dun panache vertical hbre et d’une surface verticale tsotherme. On degage 

quelques particularitts interessantes de ces tcoulements. 

AUFTRIEBSSTROMUNG VON EINER LINIENFORMIGEN WARMEQUELLE 
AUF EINER ADIABATEN, VERTIKALEN OBERFLACHE 

Z~mm~fa~g-Es wurde die, von einer station&en, linienformigen Warmequelle an der Anstrbm- 
kante einer adiabaten, vertikalen Oberflache ausgehende laminare, natiirliche Konvektionsstromung 
untersucht. Die sich ergebende zweidimensionale Grenzschichtstromung wird analysiert und die den 
Vorgang beschreibenden Gleichungen werden numensch gel&t fur den Bereich der Prandtl-Zahlen von 
0,Ol bis 100. Die Oberflachentemperatur, das Geschwindigkeitsniveau, die Grenzschichtdicke und andere 
Eigenschaften der Striimung werden in Abhangigkeit von der Prandtl-Zahl bestimmt. Die numerisch 
ermittelten Ergebnisse erlauben eine Bestimmung des Gesc~windigkeits- und Temperaturfeldes in der 
so erzeugten S~~mung. Die Ergebnisse werden auBerdem mit jenen fiir eine frei aufsteigende, ebene 
Auft~ebsstr6mung bzw. fiir eine Auftriebsstramung an einer vertikalen, isothermen Flache verglichen. 

Mehrere interessante Merkmale dieser und ahnlicher Striimungen werden aufgedeckt. 

B03HMKHOBEHHE TErIEHHII 3A CYET I-IO~lbEMHbIX CHJI OT JIHHEHHOFO 
HCTOYHMKA TEI-IJIA HA IQqHAEATHHECKOSi BEPTHKAJILHOH 

IIOBEPXHOCTH 

h’raumr- klcuIe~ye~~ir~o3~~~~o~~e~~apHoroTe~eH~np~~~o~Ko~ OT 
crtllRoriaprror0 mirie&roro ncromnirca renna, pacrronozcenrroro na nepe,mre@ rrpo~e,neprmcar5rroR 
anrra6a-rrirecKoi? rronepxnocrn. kIa~m3~pyW)~~n H ¶mJIemIo peIJ.Iem OCHOBHbIe ypaBRemin my- 

hiepnoro norparrrrtlnoro cnoz rum ywcen IIpa~in~rr OT 0,Ol ~0 100. HaZfneHa 3aBBcriMocTb TeMnepa- 
TypbI IIOBepXIi~TH, CKOpOCTeti,TOJNIJ.mbI IIOrpaHWIHOrO CJIOR H ApyrHX @i%iYeCKHX IIapixMeTpOS 

IIOTOKa OT 'iHCJIa flp6iH,ZkTJTS. ~OJly=ieHIIbIe SfCJIeIiIibIe pe.3J'JIbTaTbI II03BOJUfIOT OII~MHTb no- 

&inx CKO~OCM II TmfuepaTypbi~ EoroKe. Pe3ynbTaTbI cpaBmiBamTcff c pame nonysembmf .IUlR- 

HbtMK JVIS CBO6OlItiO~ IIJKJCKOtt CTpy&i A &JBI ~pT~~H0~ H3OlZphSSi'leCKOfi IIOBepXHOCTii, 

~CcMa~~Ba~~~HeKoTopbIe oco6emroc~n Aamoro H axanorrimroro reremi#. 
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